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ON THE SYMMETRIES OF SPHERICAL HARMONICS
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This paper extends the work described in a previous paper by one of the authors (Altmann 1957).

The spherical harmonics that belong to the irreducible representations of the cubic groups are
now given up to and including ! = 12. Also, for all point groups the expansions in spherical har-
monics that are given belong to the separate columns of the irreducible representations (whereas

before they were linear combinations of such functions). Accordingly, full tables for the irreducible
representations for all crystallographic point groups are required and are given in the paper.
Finally, a technique is described, and used throughout in the tables, to orthogonalize several
expansions that belong to the same column of the same irreducible representation. Therefore, the
different expansions listed in the tables are always fully orthogonal.

PHILOSOPHICAL
TRANSACTIONS
OF

1. INTRODUCTION
This paper is a sequel to one of the same title by one of us, (Altmann 1957) henceforth
referred to as part I. We shall not, therefore, provide a general introduction: instead we
shall describe the position of the subject as it was in part I in order to show how this paper
extends and completes our previous work.
In part I, spherical harmonics that belong to the irreducible representations of the
crystallographic point groups were constructed by means of the operator

Y B \

:tl o 2X(Z)* R, (1)
>

O E where xi(Z) is the character of the operation Z in the ith irreducible representation of the
e group and the summation is over all the operations of the group. This operator is applied
E 8 on a given spherical harmonic Y*(f, ¢), which we call the generator of the expansion, and
~ the terms ZY7"(0, ¢) that appear in it are expressed by means of the matrix representations

of the rotation group. What appears at first sight to be a formidable task was shown in
part I to lead to trivial manipulation for the dihedral and related point groups, and to
fairly simple work for the cubic groups. For the latter, however, some auxiliary functions
had to be tabulated which required tedious computation for higher values of /. Hence the
expansions were obtained for values of / up to and including / = 6, for the cubic groups
and for all values of / for the remaining groups. In every case all the irreducible repre-
sentations were treated.
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200 S. L. ALTMANN AND C. J. BRADLEY

The present paper extends this work in three ways. First, as reported in the preceding
paper (Altmann & Bradley 1962), a new method for the calculation of the auxiliary func-
tions required in the expansions has been developed and a program has been written for
an electronic computer to provide them up to values of /= 20. As a result, we have
extended our tables of the spherical harmonics for the cubic groups up to and including
[=12.

The second question is more fundamental. The functions generated by means of the
operator (1) form bases that span the irreducible representations of the group, but attention
must be called to the fact, which was already stressed in part I, § 6, that any two such bases
that belong to the same representation will not necessarily span identical representations
but only similar ones. We have shown in part I how to overcome this difficulty, but it is
convenient to treat the problem in a more general way and to provide tables where the
different bases span always identical irreducible representations.

The reason why this was not the case with the functions generated by the operator (1) is,
as is well known, that they are linear combinations of functions that transform like the
separate columns of the irreducible representations. This would not have happened if we
had used the more powerful operator

;L . '
Wi =73 D@, ©

where /; is the dimension of the ¢th irreducible representation, / the order of the group,
and Di(2)¥ the complex conjugate of the # matrix element of the operation # in this
representation. This operator generates a function that transforms like the #-column of the
i-representation. To use it, however, we require the complete matrix representations, rather
than their characters. Of course, matrix representations are given in the literature but
they depend crucially on the choice of axes (that is of a basis) so that, in order to follow
a consistent procedure, we take for each representation the basis of lowest / that is provided
by the operators (1). This basis is either listed in part I, or, if the axes are set in a different
way, can be obtained most simply by the methods given there. The second step is to form,
as explained in part I, § 6, the representation spanned by this basis. Finally, we use this
representation to form the operators (2) which in their turn generate the remaining
functions. It will be seen that this stepwise application of the operators (1) and (2) makes
the use of the latter very much simpler.

Now we come to the third question, which is that of the orthogonality of the expansions.
It must not be thought that this follows automatically from the orthogonality of functions
of different columns of the irreducible representations or from the properties of the spherical
harmonics themselves. This is so because for certain irreducible representations there appear
in the same column different combinations of the same spherical harmonics. This is very
inconvenient because, when expansions in spherical harmonics are used in physical prob-
lems, one normally requires all the terms in the expansions to be mutually orthogonal.
We therefore give in §3 a method to ensure the orthogonality in the case discussed, and
this has been used when necessary in the preparation of the tables. The latter, therefore,
provide fully orthogonal expansions.

There is still one last aspect of the formation of symmetry-adapted spherical harmonics
that must be mentioned: this is the fact that this work can be made more systematic and less
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ON THE SYMMETRIES OF SPHERICAL HARMONICS 201

laborious by exploiting some properties of the expressions of the point groups as semi-
direct products. This question is discussed very fully in the following paper (Altmann
1962b) and the present one will be kept as self-contained as possible: we shall refer here to
the results of the theory of the semi-direct product only when absolutely necessary.

2. TRANSFORMATION FORMULAE

The use of the operators (2) rather than (1) requires but small changes in the analysis
given in part I. This analysis, as well as the notation of part I, will be followed very closely
here. However, we must stress the fact that throughout this paper, unless otherwise stated,
we shall use the unnormalized spherical harmonics #7" = P (cos ) exp (im¢$) only. This
is so that the coeflicients which appear in the expansions can be given exactly in our tables:
those using them will therefore be able to write their expansions to whatever accuracy
they require.

In order to use the operators (2) we require an expression for Z% 7. Thisis (cf. (2) of part I)

RYP =2 YT DOR) e (3)

If #Z is an improper rotation, it must be expressed as the product of a proper rotation
(which we shall call the associated proper rotation) times the inversion ¢. In this case the
matrix elements of the associated proper rotation must be introduced in the right-hand
side of (3) which must also be multiplied by (—1)%.

Once the proper rotation is expressed in terms of its Euler angles «, #, y (as defined in
part I), their matrix elements can be written

DR o = Copr ™7 €7 F ()5 (4)

where C .,

't = lml’+m’ i|m|+m, (5)

and the functions £, (f) defined in part I, equation (19) can be obtained from the tables
described in Altmann & Bradley (1962).
On introducing (4) into (3), and using the operators (2), we have

WLOF =1 5 BaDO(R) 673 Cp 777 00l ) O, (©

where we add over all the operations £ of the group and, when £ is improper, we take in
the right-hand side the quantities corresponding to the associated proper rotation. Also,
P, is unity when £ is a proper rotation and (—1)! when it is improper.

It should be stressed that although (6) would be cumbersome to handle as a primary
source of the spherical harmonics, its use is much simpler as a second stage to the work
done in part I. This is so because we now know which harmonics appear in each repre-
sentation (that is the values of [ as well as those of m’ in the right-hand side of (6)), so that
we can choose the appropriate generator in the left-hand side of (6) to provide any desired
expansion. Just as in part I, the bases can be obtained at once for all orders of / for all the
non-cubic crystallographic point groups.

26 Vor. 255. A.
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202 S. L. ALTMANN AND C. J. BRADLEY

3. THE ORTHOGONALIZATION OF THE EXPANSIONS

We shall describe in this section a method to orthogonalize different expansions of the
same spherical harmonics that belong to the same column of the representation (see §1).
In order to do this we require some well-known properties of the symmetrizing operators
(2) (see, for example, Altmann 1962a):

Wi W, = Wiy 5,0 (7)

iy -us*®
Here d can take any of the values1, 2, ...,/;,/; being the dimensionality of the jth representa-
tion. Also, as follows from the definition (2) and the unitary property of the matrix

representatives, Wit — Wi (8)

sty

where the dagger denotes the adjoint operator.

Let us first consider two expansions, which can be written as W} and Wi #?% in terms
of two different generators. We shall form a linear combination of these two expansions,
which we shall make orthogonal to one of them, the first, say. On using the well-known
notation (f,g) = [ f*gdr, we have:

(W@, Wi+ AW 8}) = (U1, WL [WiL o p+ AW 27])

= (@7, WU+ AW T, (9)
Here we have used (8) in the first step and (7) in the second and, for convenience, we have
taken in the latter the value of d which equals that of the first suffix. It is now very easy to
annihilate the integral in the right-hand side of (9) : it is enough to choose A so that the term
that contains &} in Wi+ AWi %7 vanishes. It should be noticed that the value of A
thus obtained is independent of ¢, that is of the particular column considered in the repre-
sentation. This means that with this value of A, Wi% -+ AWi#? will be orthogonal to
Wi#pforallt = 1,2,...,[;: we have orthogonalized in one stroke all pairs of functions that
correspond to the /; columns of the given representation.

When three functions belong to the same column we orthogonalize the first two to the
third in the manner just described. The two (non-orthogonal) combinations thus obtained
can readily be orthogonalized by a simple extension of the same procedure.

All expansions given in the tables have been orthogonalized, when necessary, in this way.

4. 'THE EXPANSIONS FOR THE DIHEDRAL AND RELATED POINT GROUPS

We shall not consider in this paper the cyclic groups: since their representations are all
one-dimensional the expansions given in part I are not changed. The basic table of this
section is table 3, which gives the expansions themselves. Before these are used, however,
they must be referred to the corresponding irreducible representations, which are given in
tables 1 and 2. In using these tables of irreducible representations, the symmetry operations
must be identified by means of figures 1 and 2. In order to use the tables the following notes
are required:

(i) Notation for the irreducible representations. It is exactly that used in the character
tables given by Margenau & Murphy (1956) or Altmann (19624). It should be noticed,
however, that although our notation for the symmetry operations coincides exactly with
that of the second reference it differs from the first in the treatment of the secondary binary
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TABLE 1. REPRESENTATIONS FOR THE GROUPS WITH FOURFOLD SYMMETRY

(See notes (iii) and (iv) of this section.)

key ... € A K P
1 1 1 1
Y Y e O N
group ... D, C,, D,,
rep. E E E
basis ... (%y°% %70 (@y°, %7°) (%ye, 91°)
E € € €
_orl G —€ —€ —€
< ct p p -
- T —p —p —
< >_‘ ;1 A - A
S o s ) - )
= 23] n K - -
— —k — —
E 8 On — A —
F w Toz - -A -
Oa — K I3
Cas — —K —K
S — - . P
Se - — —=p

TABLE 2. REPRESENTATIONS FOR THE GROUPS WITH THREEFOLD AND SIXFOLD SYMMETRY
(See notes (iii) and (iv) of this section.)

PHILOSOPHICAL
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OF

key: € o g A » v
1 —1 33] [-3 —y3] 1 —3  —by8) [=1 b3
] [—-—%43 —%] [wzs Z3 I [—%¢3 3 ] [%Jt& 1 ]
group ... D, C,, Dg G, Dy,
rep. E E E, E, E, K, E E"
basis ... (}e, FLe) (F1e, WY) (P 9Le) (BB, W) (W, W) (FR, 9E) (1S 90) (9 YY)
operation
E € € € € € € € €
ct — — ~# @ -8 @ ~ -
Cy — —_— —a £ —a g — —
P Ccy a a o g a i3 o a
' G Vi Vi p a ) « V; V;
= - C, —_ — —€ € —€ € —_ —
< Cy A — A A — — A -2
P E Gy v — r v - — K =
@) ) Css v — 14 » — — v —p
= ¢ L - 4 - - L =
Co - - — WK v - - - -
O ¢ — — —v P — _ _ _
I — A — — b h) A b}
5‘2 T2 — 7z — — )z v w w
Yo Ty — v — — v 3 v v
= 5 ! on —_ — — —_— -2 A — _
025 o — - = - —p v ~ ~
O% Ta3 — - — - -V # — -
]
Eé o — — —_ —_ — — € —e
& = ST —_ — — — —_ — a —o
S — — — ~ — - s -4
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204 S. L. ALTMANN AND C. J. BRADLEY

TABLE 3. THE SPHERICAL HARMONICS FOR THE DIHEDRAL AND RELATED POINT GROUPS

(See notes (i) to (vii) of this section.)

D, l m mod (4 6) ¢-dep.
4 0 0 ¢ 22
4 3 s
3 3 ¢ —3y%x
7 6 s
4, 1 0 ¢ z; 5233z
3 3 s 3x%y —y3
4 3 c
6 6 $
E 1 1 (¢, 5) (%, 9); (5z% —x, bz% —y)
2 1 (s, —¢) (yz, —xz)
3 2 (85 ¢) (xyz, x*z—y?z)
2 2 (¢, —9) (%2 —y?%, —xy)
5 4 (s, —¢)
4 4 (¢, $)
5 5 c, —S
6 5 (s, ¢)
G, m mod ( +3) ¢-dep.
4, 0 ¢ z3 2% 523—3z, x3 =3y
A, 3 $ 3x?y —
E 1 (¢ 5) (%, 9); (xz, yz); (5z% —x, 52%y —y)
2 (¢, —9) (¥2—y?, —ay); (x%z—y?z, —xyz)
D, l m mod (+4) ¢-dep.
E 1 1 (¢, ) (%, y), (52%x—x, 52% —y)
2 1 (s, —¢) (yz, —xz)
3 3 (¢, —9) (%3 —3y%x, — 3x%y +33)
4 3 (s, 0)
G, m mod (+4) ¢-dep.
E 1 (c: S) (xa .7/) 5 (xz3 yZ) > (5zzx_x> 522!/—y)
3 (6, —9) (#° =3y, y* —3x%y)
D,, { m mod (+4) ¢-dep.
E 1 (@) (%,9)5 (522 —3, 522 —y)
2 1 (s, 0) (yz, xz)
3 3 (¢, —$) (3 —3y%x, y3—3x%)
4 3 (s, —¢)
D l mod (+6) ¢-dep.
E, 1 1 (@ ) (%, 9)5 (52— 1, 2%y —g)
2 1 (s, —¢) (yz, —xz)
5 5 (¢, —s)
6 5 (s, ¢)
E, 2 2 (¢, $) (*¥2—y2, xy)
3 2 (s, —¢) (xyz, y?z —x%2)
4 4 (¢, —s)
5 4 (s, ¢)
G, m mod (4 6) ¢-dep.
k| 1 (¢, $) (%, ¥) 5 (%2, yz); (522 —x, bz% —y)
5 (¢, —s
£, 2 (¢ %) (#*~y? xy) ; (*z—y’z, xyz)
4 (¢, —s)
3 l m mod (4 6) ¢-dep.
! 1 1 (¢, $) (%, y); (2% —x, 52%y —y)
2 2 (¢, =9) (x*—y% —xy)
4 4 Cy S
5 5 (¢, =)
E" 2 1 (¢ %) (%z, yz)
3 2 (¢, —9) (x2z —y%z, — xyz)
5 4 (¢, 9)
6 5 (¢, —9)
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axes (that is, those perpendicular to the principal axes). Margenau & Murphy use the
notation C, both for a principal and a secondary axis. The secondary axes in Margenau &
Murphy tables can be recognized, however, because they are preceded by a numeral 2
or 3: their symbols C, and C; arereplaced in the present tables, as well as in Altmann (1962 a)
by C; and Cj respectively (see figures 1 and 2).

T2

Ficure 1. Symmetry elements for the groups with fourfold symmetry. Notice that o, = iC},
and o, =iCy, where 7, s=1, 2 and r £+ 5. x, y, z form a right-handed set.

(ii) Notation for I and m. By m = 1, mod (+2) we mean that 2 can be added, but not
subtracted, from m = 1. /is always given mod (+2).
(iii) Spherical harmonics. The unnormalized spherical harmonics are

Y0, d) = Pr(cosb) cosmg, (10)
Ym0, ¢) = Pr(cosb) sin mg. (11)
The normalized ones are Y7¢, ¥™s, the same as above, multiplied by the factor
JI(2L4+1) (= [m|)!/2m (I |m|)1].

In tables 1, 2 and 3 either normalized or unnormalized harmonics can be used. The super-
scripts ¢, s of the allowed harmonics appear in table 3 under the heading ‘¢-dep.’ (4-depend-
ence). The symbol (c,s) denotes a degenerate basis (#7¢,% ) (see below). Notice that
(¢, —s), for instance, means (#¢, —¥ ™).

(iv) Bases. They are given as row vectors, such as (#7-¢,#s) abbreviated in table 3
with the symbol (¢, s). Their transformation properties are given by multiplying them on
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206 S. L. ALTMANN AND C. J. BRADLEY

the right by the matrices listed in the tables of the representations: the first function belongs
to the first column of the representation and the second to the second column.

(v) Functions p, d, and f. In the last column of table 3, we identify explicitly the bases
that correspond to the spherical harmonics p, d and f, defined in table 9 of part I. They can
be used with or without the normalization factors therein given.

/ - - .
C L.t ...
22 ~. . 0u3

0123 . Lt O

FiGure 2. Symmetry elements for the groups with threefold and sixfold symmetry. Notice that
o, =1Cy, and o, = iCy,, where r = 1,2, 8. x, y, z form a right-handed set. Notice also that
there is a second setting for the groups with threefold symmetry, where the three symmetry
planes (or binary axes) coincide with the o, (or the C3). This setting was used for G, and Dy
in part I but will not be used in this paper.

(vi) One-dimensional representations and direct product groups. If required, they must be
obtained from the tables in part I, which are not repeated here as they are unchanged,
except however those for G;, and D3 which are given on account of the different setting now

used (see figure 2).
(vii) Example of the use of the tables. For the representation E of D,, the bases

@b, @490, @FSOF), 1593, .. @99, @191,

etc., span the representations listed in table 2.

5. THE EXPANSIONS FOR THE GUBIC GROUPS
The symmetry operations of the cubic groups are defined by means of figure 3.
They are: the identity E; three binary and six fourfold rotations, C,,, and Cf, respec-
tively (m = #,7,z), around the co-ordinate axes; eight threefold rotations Cf, around the
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axes named with »=1,2,3,4 in the figure; six binary rotations C,, around the axes
p=a,b,c,de,f of the figure. (We always take positive rotations counterclockwise.)
Operations that contain the inversion ¢ are named as follows: ¢, = iC,,, Sf, =iCj,,
04, = iCyy. Other rotary inversions are not named, since they do not appearin T, O or T,
(the remaining two groups T, and O, are direct products and do not require separate
treatment).

The doubly and triply degenerate representations of the cubic groups can be obtained
from tables 6 and 7. In order to simplify the tables we make use of the fact that T is a sub-
group of both O and T,: it is then convenient to expand the latter groups in their cosets
with respect to T. We can write, in an obvious notation, O = T+ TC,,, T, = T+To,.
Therefore, in order to get the full representations for O and T, it is enough to have the

Ficure 3. The symmetry operations of the cubic groups. Notice that the
o4 planes (p = a, b, ¢, d, ¢, f) are perpendicular to the C,, axes.

matrices of T and multiply them by the matrices that correspond to C,, and ¢,,. In order
to do this, careful correspondence must be established between the operations of the
coset TC,,, say, and those of O. This can be found from table 7, where the operations listed
under O are the product of the operation listed under T times C,,}. The same remark is
valid for T, with respect to the operation o ,.

The relation between O and T, and their subgroup T is in fact stronger than the one
just given. T is clearly an invariant subgroup of both groups and these can be written as
a semi-direct product (see, for example, Altmann 19625) of T with G, for O and T with
G, for T,}. This results allows us to obtain very simply all the expansions for O and T, in
terms of those of T, as we shall see. We give elsewhere (Altmann 19624) the full theory of
the representations of the semi-direct products and its application to the derivation of

T In checking these products, attention must be paid to the fact that we always use our transformations
as passive, that is, as transformations of the axes and not of the points.

i Itis important to realize, for future reference, that G, and G are described in a different setting from

the usual one for these groups (as, for instance, given in part I): C, lies in the x,y plane and o is per-
pendicular to it.
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208 S. L. ALTMANN AND C. J. BRADLEY

symmetry-adapted spherical harmonics, and we shall only quote here such results as are
important in the derivation of the expansions.

First, the representations of O and T, are related to those of T as shown in the following
scheme:

T 0, T,
A

A = Al
2

g

2E — E
T,

T = T;

A basis of 4 will span one of the two irreducible representations of G, and C;: those that
span the totally symmetrical ones belong to 4, of O and T, the others to 4,. Secondly, the
general theory shows that the only values of / that appear in the expansions for 4 of T are
thoselistedintable 4, and that for each value of / the linear combination that forms any expan-
sion can contain only the spherical harmonics with the values of m and ¢-dependence given
in the table. In order to see how these bases go over to bases of O and T, it is enough to find
the representations of G, and G, (expressed in the appropriate setting) to which they belong.
This we do by means of table 12 in the appendix, which provides the assignments given in
the columns 5 and 6 of table 4. The assignments for O and T, given in the last two columns
follow immediately, and they are embodied in table 8.

TABLE 4. THE SPLITTING UP OF THE FUNCTIONS BELONGING TO A4

T {mod(+2) mmod(+4) ¢-dep. G, C, 0] T,
4 0 0 ¢ 4 4 4, 4,
6 2 ¢ B 4" 4, 4,
3 2 $ B A 4, L
9 4 s 4 A" 4, 9

For the doubly degenerate representations the result is that the bases of 1E and 2E of T
(these being the first and second representations, respectively, listed by Margenau &
Murphy 1956 and Altmann 19624) will go over unchanged into bases (in complex form)
of E for both O and T,. When these bases are taken into real form, as in our tables, small
changes are required in the bases of T, as explained in the note at the head of table 10.

For the triply degenerate representations the result is that a basis of T of T can always
be chosen so that one of its three functions will belong to one of the irreducible repre-
sentations of C, and C,. We have chosen this function to be the third one of the basis: when
it belongs to 4 of G, or 4’ of C,, the whole basis belongs to T, of O or T, (notice that this is
the representation for which the characters of the secondary binary axes or mirror planes
are +1). Otherwise the basis belongs to 77. The values of /, m, and ¢-dependence for this

TABLE 5. THE SPLITTING UP OF THE FUNCTIONS BELONGING TO 7'

T {mod (+2) mmod(+4) ¢-dep. G, G, (0] T,

T (3rd 1 0 ¢ B A’ T, T,
column) 2 2 s A A’ T, 7,

3 2 ¢ A4 A" T, T,

4 4 s B 4" T, T,
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third function of the representation 7" of T are predicted by the theory to be those given in
table 5. The assignments for G, and C; are obtained from table 12 in the appendix, and those
for O and T, follow; they have been included in table 11 that gives the expansions in full.

Notes to tables 6 to 11
(1) Notation for the irreducible representations. In order to use the tables of Margenau &
Murphy (1956) or Altmann (1962a), note the following changes of notation: In the first,
for T, 4Cy and 4C; correspond to our 4C3 and 4Cjy, respectively; for O, 6C, correspond to
our Cy, (p = a,b,¢,d,e, ) and, for T, 60, correspond to our ¢,,. In Altmann’s table for O,
6C, correspond to our C,, and for T, 60, to our ¢,,. We use the symbols !E and 2E for the

TABLE 6. THE DOUBLY DEGENERATE REPRESENTATIONS, E, OF THE CUBIC GROUPS
The basis of the representations is (2%73, 14/3 #3:¢).

1 0: Gy, Cf, Cp, C. 1
O) Td: E’ C2x’ CZy’ CZ; [ l] Td: a-za, S;Z’ S‘-;z, Udeb [ B 1]
-+ 143 0: (g, Cf, Cypy C. -1 1.3
o aomanon [ 3 MT] ml s [ T3
-3 —3}43 0: Cf, Cyq, Cy, C. -1 343
0, T,: C;, Cs, Cs, Cs, 2 By ] 4y> Caws Laes Lo I: 2 2
a+ U315 U3 Ugsy Cgy 1.8 —-% T,: S;y, S;“y, O s> Te 1.3 1

TABLE 7. THE TRIPLY DEGENERATE REPRESENTATIONS OF THE CUBIC GROUPS

Given a representation of O or T, the representatives for the operations of these groups that do not belong
to T, which are listed under the headings O and T, in the first part of the table, are obtained as follows:
take the corresponding matrix from the first part of the table and post-multiply it with the matrix thatappears
under the representation chosen at the bottom of the table.

The bases of the representations are

for Tof T, T, of O, Ty of T,: (¥}c, ¥bs, BY);

for T, of O: (HLos, Hlse, 3W25) 5
for T, of T: (=10¥3sc—@3-¢, 10W)os —F 35, 4% % €)
T, O, T, (0] T, T, O, T, (0] T,
: [1 i -1 ]
E Coo  %a 1 Css Cos Tay 1
1 | -1 ]
1 - . —1 N
Cy C Siz -1 Cs, Caa Oaq -1
X —1] | 1 |
. | . 1
CZy C«;z SZz 1 31 C;—y S;'y 1
] —1] | 1
1 - _ 1
C,, Cy T —1 C% Cy & 1
1] i -1 ]
1 ] i —17
CH Cy A 1 Cs Cop g -1
| 1 ] | 1 |
I 1 ] [ 1
0;2 CL S‘;x -1 03_4 C2e Tge -1
-1 - -1
(0] T, T, T,

27 Vor. 255. A.
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‘TABLE 8. HARMONICS FOR THE SINGLY DEGENERATE REPRESENTATIONS OF T, O anp T,

(See notes (i) to (iii) of this section and note (iv) of §4.)

T (0} T, ) ¢-dep. spherical harmonic
A4 4, 4, 0 — 1(0)

4, 4, 3 s 1(2)

4, A4 4 ¢ 168(0) +1(4)

A, 4, 6 ¢ 360(0) —1(4)

4, A, 6 ¢ 792(2) —1(6)

4, 4, 7 s 1560(2) +1(6)

4, 4, 8 ¢ 3991680(0) +672(4) +1(8)

A, X 9 s 2520(2) — 1(6)

4, 9 9 $ 4080(4) —1(8)

A, A, 10 ¢ 23587 200(0) — 4320(4) — 1(8)

4, 4, 10 ¢ 19918080(2) +456(6) —1(10)

4, 4, 11 s 61689 600(2) —3240(6) — 1(10)

A, 4, 12 ¢ 711796377 600(0) + 19958400(4) + 1584(8) +1(12)

4, 4, 12 ¢ 99845760(4) — 10304 (8) + 1(12)

9 4, 12 ¢ 61689600(2) —12600(6) +1(10)

TaBLE 9. HARMONICS FOR THE REPRESENTATIONS F or T

The expansions given belong to 'E. Those for 2E are just the complex conjugates of the expansions in
this table. The real part of the expansion is given in every case in the first line and the complex part, which
should be multiplied by the coeflicient provided, in the second line. See notes (i) to (iii) of this section for
the notation.

T l ¢-dep. coeff. spherical harmonic
1B 2 ¢ 6(0)
¢ 14/3 1(2)
4 ¢ 120(0) —1(4)
¢ —14/3 8(2)
5 $ 36(2)
s 1.4/3 1(4)
6 ¢ 2520(0) +-1(4)
¢ i4/3/12 360(2) +1(6)
7 s 1320(2) —1(6)
s —1.4/3 24(4)
8 ¢ 3749760(0) —672(4) —1(8)
¢ —161 /3 2520(2) +1(6)
8 ¢ 1560(4) —1(8)
¢ —1514/3 3432(2) —1(6)
9 s 1680(4) +1(8)
s —12i /3 10920(2) +1(6)
10 ¢ 2315174400(0) +86400(4) +20(8)
¢ 14/3 8467200(2) +1080(6) + 1(10)
10 ¢ 587520(4) —96(8)
¢ 14/3 17821440(2) —4488(6) +1(10)
11 $ 77656 320(2) —3240(6) —1(10)
s —48i /3 5040(4)+1(8)
11 s 15960(6) —3(10)
$ —70i /3 15504(4) —1(8)
12 ¢ 759696537 600(0) —19958400(4) —1584(8) —1(12)
¢ —24i /3 119750400(2) +6600(6) +1(10)
12 ¢ 117210240(4) +4032(8) —3(12)

S

—10i /3 1172102400(2) —9576(6) — 5(10)
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first and second representations respectively given under E for T in both tables. For the
two- and three-dimensional representations no ambiguity can arise as they are fully listed
in tables 6 and 7.

(i1) Normalization. The expansions are given in terms of the unnormalized harmonics
defined by (10) and (11). They can be normalized by means of the relations given in p. 361
of part I.

TaBLE 10. HARMONICS FOR THE DOUBLY DEGENERATE REPRESENTATIONS OF O anD T,

The expansions given belong to E of O. Those for E of T, are obtained as follows: for even ! they are
the expansions listed; for odd /, the partners must be interchanged and the sign of one of them reversed.
In all cases, multiply the second partner listed by the coefficient provided. See notes (i) to (iii) of this
section and note (iv) of §4 for the notation.

0] l ¢-dep. coeff. spherical harmonic
E 2 — 1(0)
¢ \/3/6 1(2)
4 ¢ 120(0) —1(4)
¢ —4/3/6 48(2)
5 s 1(4)
5 —4/3/6 72(2)
6 ¢ 5040(0) +2(4)
¢ J/3/6 360(2) +1(6)
7 $ 12(4)
s A3/6 1320(2) —1(6)
8 ¢ 3749760(0) —672(4) —1(8)
¢ —4/3/6 241920(2) +96(6)
8 ¢ 1560(4) —1(8)
¢ —4/3/6 30880(2) —90(6)
9 $ 1680(4) +1(8)
s —4/3/6 786240(2) +72(6)
10 c 231517440(0) +86400(4) +-20(8)
¢ A/3/6 50803 200(2) 46 480(6) +6(10)
10 ¢ 587520(4) —96(8)
¢ \/3/6 106928 640(2) —26928(6) +6(10)
11 s 120960(4) +24(8)
s J/3/6 77656 320(2) —3240(6) —1(10)
11 s 542640(4) —35(8)
s —4/3/6 15960(6) —3(10)
12 ¢ 759696 537 600(0) —19958400(4) — 1584(8) —1(12)
¢ — /36 17244 057600(2) —950400(6) — 144(10)
12 ¢ 39070080(4) +1344(8) —1(12)
¢ —4/3/6 23442048000(2) —191520(6) — 100(10)

(iii) Notation of the tables. A combination of the form a%j»¢4b% ¢ c%4< is given as
follows: the values of / and the superscript ¢ (or s) appear under the headings / and ¢-dep.,
respectively. (Notice that now, of course, / should zo¢ be understood mod +-2). The rest of
the expansion appears on the same line in the form a(m) +5(n) +¢(p). Degenerate repre-
sentations are given in two or three lines, and they must be understood as a row vector, the
successive lines corresponding to the successive columns of the vector.

Example (see table 8): for / = 8 the spherical harmonic that belongs to 4 of T, 4, of O
and 4, of T, is

3991680 ¥+ 672 Upc4-FBe.

27-2
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TaBLE 11. HARMONICS FOR THE TRIPLY DEGENERATE
REPRESENTATION OF T, O anp T,

(See notes (i) to (iii) of this section and note (iv) of §4.)

T O T, l ¢-dep. spherical harmonic
T T, T, 1 ¢ 1(1)

1(2)

6(1) —1(3)
6(1) +1(3)
—94(0)
—10(1) —1(3)
10(1) = 1(3)
4(2)

6(1) —1(3)
6(1) +1(3)
—4(2)

—42(1) —1(3)

42(1) —1(3)

1(4)

240(1) —10(3) +1(5)
240(1) +10(3) +1(5)
1920(0)

336(1) —6(3) —1(5)
—336(1) —6(3) +1(5)
96(2)

1008(1) +54(3) +1(5)
1008(1) —54(3) +1(5)
16(4)

N
N
14

240(1) —18(3) +1(5)
240(1) +18(3) +1(5)
192(2)

720(1) —30(3) —1(5)
—~720(1) —30(3) +1(5)
8(4)

23760(1) +330(3) +3(5)
2:(),67)60(1) —330(3) +3(5)
8

25200(1) —504(3) +14(5) —1(7)
25200(1) +504(3) + 14(5) +1(7)
—322560(0)

—32400(1) +456(3) —2(5) —1(7)
32400(1) +456(3) +2(5) —1(7)
7680(2)

71280(1) +264(3) — 50(5) — 1(7)
71280(1) — 264(3) — 50(5) +1(7)
—384(4)

—308880(1) —10296(3) — 130(5) —1(7)
308880(1) —10296(3) -+ 130(5) — 1(7)
64(6)

25200(1) —1080(3) +30(5) —1(7)
25200(1) +1080(3) +30(5) +1(7)
—23040(2)

—55440(1) +1800(3) —18(5) — 1(7)
55440(1) 4 1800(3) +18(5) —1(7)
384(4)

LA L AL &L A LA 06 ]t—:m R T T S S T2 T YR N PN lr—;n I TR S NI N !hh v 8o lh
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TABLE 11 (cont.)

T, ! ¢-dep. spherical harmonic
720720(1) —10920(3) —294(5) —3(7)
720720(1) +10920(3) —294(5) +3(7)
—64(6)
—3603600(1) —32760(3) —210(5) — 1(7)
3603600(1) —32760(3) +210(5) —1(7)
8(8)
5080320(1) +60480(3) +864(5) —18(7) +1(9)
5080320(1) +60480(3) +864(5) +18(7) +1(9)
92897280(0)
6209280(1) —60480(3) +480(5) +2(7) —1(9)
—6209280(1) —60480(3) —480(5) +2(7) +1(9)
1290240(2)
11531520(1) —37440(3) —1440(5) +46(7) +1(9)
11531520(1) +37440(3) —1440(5) —46(7) +1(9)
30720(4)
34594 560(1) +262080(3) —7200(5) —126(7) —1(9)
—34594560(1) +262080(3) +7200(5) —126(7) +1(9)
1536(6)
196035840(1) +4455360(3) +40800(5) +238(7) +1(9)
196035840(1) —4455360(3) +-40800(5) —238(7) +1(9)
256(8)
5080320(1) —141120(3) +2400(5) —42(7) +1(9)
5080320(1) +141120(3) +2400(5) +42(7) +1(9)
5160960(2)
9434 880(1) —221760(3) +2400(5) —6(7) —1(9)
—9434880(1) —221760(3) —2400(5) —6(7) +1(9) -
46080(4)
28304 640(1) —463680(3) —160(5) +86(7) +1(9)
28304.640(1) +463680(3) —160(5) —86(7) +1(9)
1024(6)
160392960(1) —1028160(3) —24480(5) —198(7) —1(9)
—160392960(1) —1028160(3) +24480(5) —198(7) +1(9)
64(8)
15237331200(1) 4+97675200(3) +465120(5) + 1710(7)
+5(9)
¢ 15237331200(1) —97675200(3) +465120(5) —1710(7)
+5(9)
s 128(10)
T, T, 11 c 1676505600(1) —13305600(3) +118800(5) —1320(7)
+22(9) —1(11)
s 1676505600(1) 4 13 305600(3) + 118800(5) +1320(7)
+22(9) +1(11)
— —40874803200(0)
T, T, 11 c —1981324800(1) +13789440(3) —88560(5) +408(7)
+6(9)—1(11)
S 1981324 800(1) + 13789440(3) 4 88560(5) +-408(7)
—6(9)—1(11)
c 371589120(2)
T, T, 11 ¢ 3302208000(1) —13305600(3) —65520(5) +2520(7)
—42(9) —1(11)
s 3302208000(1) +13305600(3) —65520(5) —2520(7)
—42(9) +1(11)
¢ —~5160960(4)
T, T, 11 c —8019648000(1) —6854400(3) +648720(5) —4200(7)
—122(9) —1(11)
S 8019648000(1) —6854400(3) —648720(5) —4200(7)
+122(9) —1(11)
¢ 122880(6)

|%(\%(\%‘4(\H

T, T, 10

T, T, 10

T, T, 10

T, T, 10

[ N I S S N S T T T T T T T T S S N S SR SR

T, T, 10
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214 S. L. ALTMANN AND C. J. BRADLEY
TABLE 11 (cont.)
T 0] T, { ¢-dep. spherical harmonic
T T, T, 11 ¢ 30474662400(1) +234420480(3) — 2093 040(5)
—35112(7) —234(9) —1(11)
5 30474 662400(1) — 234420480(3) — 2093 040/(5)
+35112(7) —234(9) +1(11)
¢ —6144(8)
T, T, 11 ¢ —213322636800(1) —3516307200(3) —24418800(5)
—111720(7) —378(9) —1(11)
s 213322636 800(1) —3516307200(3) +24418800(5)
—~111720(7) +378(9) —1(11)
¢ 1024(10)
T, T, 12 s 1676505600(1) — 32659200(3) +378000(5) — 4200(7)
+54(9) —1(11)
¢ 1676505600(1) -+ 32659 200(3) + 378000 (5) +4200(7)
+54(9) +1(11)
5 — 1857945600(2)
T, T, 12 5 —2794176000(1) -+ 48 625 920(3) — 428400(5) +2520(7)
. +6(9)—1(11)
¢ 2794176000(1) + 48 625 920(3) + 428 400(5) +2520(7)
—6(9)—1(11)
s 1032170(4)
T, T, 12 s 6785856000(1) —94590720(3) +378000(5) +3480(7)
—74(9) —1(11)
¢ 6785856000 (1) 494590 720(3) +378000(5) — 3480(7)
—74(9) +1(11)
s —122880(6)
T, T, 12 s —25786252800(1) + 234 420480(3) + 861 840(5)
—16680(7) —186(9) —1(11)
¢ 25786252800(1) +234420480(3) — 861 840(5)
—16680(7) +186(9) — 1(11)
s 3072(8)
T, T, 12 s 902518848000 (1) —2578625280(3) — 60041 520(5)
—397320(7) —1650(9) —5(11)
¢ 902518848000 (1) +2578625280(3) — 60041 520(5)
+397320(7) —1650(9) +5(11)
s —1024(10)
T, T, 12 s —12454760102400(1) —59308381440(3) —218045520(5)
—637560(7) —1518(9) —3(11)
¢ 12454760102400(1) — 59308 381 440(3) + 218045 520(5)
—637560(7) +1518(9) —3(11)
s 256(12)

AprPENDIX. THE GROUP Cz IN THE HORIZONTAL SETTING AND THE
GROUP Cs IN THE VERTICAL SETTING

The operations C, and o of these groups coincide with C3; and o, of figure 1 respectively. See notes
(i) to (iv) of §4 for the notation. In these tables ¢ +s means the combination Y7 ¢+ Y75,

C, l mmod (+4)  ¢-dep. l mmod (+4)  ¢-dep.
A 0 0 c B 1 0 ¢
2 1 c—S 2 1 c+s
1 1 c+s 1 1 c—s
2 2 s 2 2 c
3 2 ¢ 3 2 s
4 3 c+s 4 3 c—s
3 3 c—S$ 3 3 c+s
5 4 s 4 4 s
C, m ¢-dep. m ¢-dep
A’ 0 ¢ A" 1 c+s
1 c—S$ 2 ¢
2 s 3 c—s$
3 c+s 4 K
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